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Abstract-In this paper, we relate a kind of second order hyperbolic system to an analytic 
semigroup, which is most often applied to the direct strain feedback (DSFB) control of flexible robot 
arms. The spectrum analysis is presented to confirm the positive function of DSFB. 
1. INTRODUCTION 
In the last decade, many intensive studies are concerned with the following second order hyper- 
bolic equation in Hilbert space tit: 
ji (t) + B D (t> + Ay (t) = 0, Y (q E X, v t 2 0, (1) 
where A is an unbounded self-adjoint positive definite operator on ‘H, and B, usually assumed 
to be positive definite, is an unbounded operator representing some kind of damping. This 
equation can be considered most often an abstract form of the flexible elastic vibration system 
with damping, we refer to [l-3]. On the other hand, as an increased application of direct strain 
feedback control to the vibration of flexible robot arms, now available results about the system 
(1) cannot be applied directly to the DSFB system where the damping operator B includes 
information not only the structure damping, but also the effect of DSFB. Luo [4] first gives 
out a mathematical proof of the strongly stable properties of the energy decay of the DSFB 
equation. Guo [5], on the other hand, indicates the relationship between DSFB and standard one 
end stabilizer problem for a typical DSFB control system of elastic beam and hence the uniform 
exponential decay of energy is presented. In this paper, we show that the general DSFB system 
with structure damping has analytic semigroup solution. This is in sharp contrast to the case 
of no involving structure damping [5]. Finally, the positive function of DSFB is indicated by 
analyzing the spectrum of the vibration of a flexible robot arm. 
2. ANALYTIC SOLUTION OF DSFB SYSTEM 
Let 31 be a Hilbert space with inner product (e, .) and A be an unbounded self-adjoint positive 
definite operator on 1-1. Let Q be a bounded self-adjoint and semipositive definite operator. 
Consider the following DSFB system with damping: 
ji (t) + Q . Ati (t) + A y (t) = 0, y(t) E 7-l, v t > 0, 
Yw=Yl, jr(O) = Yl. (2) 
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System (2) can be transformed into an evolution equation on 7-l x 3-1: 
(3) 
by making the transformation: yr = A y, y2 = Ali2 y. Here, operator 
A= 
( Ay2 _:1,2) (; &/2), (4 
D (4 = { (41, $2) T I $2 E D @““) , $I+ Q A”’ $2 E D (A’/“) } . 
THEOREM 1. 
(i) Operator A is the infinitesimal generator of a Ce semigroup of contraction of (t) on ‘H x 7-1, 
and hence, there exists a unique classical solution to equation (2): 
(Y Ml L (t)) T = (A; A:,4 a(t) (AYo, A1'2~~)T 
for any initial condition satisfying (Ays, A1i2yr) E D (A); 
(ii) X E a, (A) f i an d only if there exists 4 E D (A), 4 # 0 satisfying the second eigenvalue 
equationX24+XQA4+A#,=Oand 
ReXI -;xr, 
where X1 is the first eigenvalue of A, 6 = rnin#,ex (Q 4, 4). Moreover, if 6 > 0, then 
I I 
X-f 5 i foranyXEcP(d), ImX#O. 
(iii) (T, (d) c up (A)* = {X ], 1 E crP (A)}; 
(iv) if A-’ is compact, then oc (A) C I[$ l. Moreover, if Q is positive definite then w 5 -l/a 
for any w E cr, (A). 
PROOF. fiOm 
Re (A@,, Q)H = Re (A1’2@2, 41) - Re (All2 ($I+ QA&) ,42) 
= Re (A1/2~2, 41) - Re (41 + QA1/2&2, A1’2&) 
= Re (A1/2$2, 41) - Re ($1, A1/2$2) - Re (QA1’2$2, A”2$9) 
= -Re(QA1’2+2, A”2&) < 0, VQ = ($1, 42) T E D (4, 
(5) 
we know that A is dissipative. Since B = I + A-’ + Q is positive definite self-adjoint on ‘H, it 
has bounded inverse IF’. A direct calculation shows that I - A also has bounded inverse and 
(I - d)-1 = 
1-P-l p-‘A-1/2 
_A-1/2p-1 A-1/2p-lA-1/2 ’ 
By [6, Theorem 1.4.61, we know that D(d) = 7-f x H. Also by [6, Theorem 1.4.31, A is 
the infinitesimal generator of a Cc semigroup of contraction T(t) on X x 7-L This is condition 
(i). Next, if X E a,(d), let cf, = (41, 4~)~ E D(d) be the corresponding eigenvector. Then 
4 = A-1/2+s # 0 satisfies A2&,+xQA4+A4 = 0. Conversely, if A24-txQA4+A4 = 0, 
then X # 0, and (41, 42) = (A4/& A1i24) is a corresponding eigenelement of A. Taking inner 
product with A4 on both sides of X2 4 + xQA4 + A4 = 0, we obtain 
X2(+, A$) + W!A4, A4) + llA$]12 = 0. 
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Let X = a + bi, then 
[a2 - b2]IlA1/2412 +a(QA4, A4) + IIA 4112 = 0, 
2ab /A1i2 $11’ + b(QA4, A@ = 0. 
Ifb=O, thena2]]A1/2$(]2+a(QA& A4)+]]A+]12 =O,soa< (-(QA4, A4))/(211A1/241)2) I 
(b/2) Al. 
If b # 0, then a = -((QA$+ A+))/(2]]A’/2$]]2) I -(6/2)X1 and 
-b211A”2 dl12 - ((QA$, A42Y(41A1’2 4~11~) + llAdl12 = 0. 
For 6 > 0, a simple calculation yields 
+ b2 = a2 + b2 + 2 IIA 4112 
% + fz + jlA1/24/12 - +1/24~12 + ti2 - a' 
(QAhA44 L < 1 
To prove condition (iii), it is only noticed that 
0 I 
I _QAl/2 
> 
. 
By eigenelement corresponding relation: !I) = (41, +J)~H& = (-#I, 4~)~) it can be easily 
shown that cp(d) = a,(N). By [7, Theorem 3.7.21, 
ur(d)* c uP(d*)= or, (d)c a,(d)*ua,(d)* c oP(d)uap(d)*, 
we have a,(d)* c o*(d). Finally, suppose that A-’ is compact, let X E o,(d). Then there exists 
1% = (k, &JT}, ll%ll = 1, such that 
O--4% +Oasn+co, 
i.e., 
X&,-A 42n+O, l/2 
X 42n + A’/2 (Gin + QA”2 hn) ---) 0. 
(7) 
Since {X +in} is a bounded set and A-‘1” is compact, one can find a convergence subsequence 
of {XAe112 c#J~~}, still denoted by {XAh-‘/2 $in} to converve to 4s. Hence, ~$2~ + ~~5s by first 
expression of (7). If 42 = 0, then ]]&,]l + 1 and Ali2 (r$i,, + QA1j2 &,,) --) 0 by second of (7), 
hence 
(A”2 @in + QA112 424 , #~2n) = hn + QJ@‘~ 42nr A”2 424 
= (hn, A”2 42n - hhn) + (QA”2 bnr A’/2 424 + x l141,J2 --) 0, 
so (QAli2 42n, A1’2 424 + r, + 0, which implies that A is a real number A = w 5 0, and 
S]JA1’2 42nj12 + 1 I (QA1’2+2n, A”2 424 + w + 0, 
it leads Jwj26 + w I 0 or w 5 -l/6. If $2 # 0. By second of (7) 
XA-‘I2 9&, + $I,, + QA’j2 ~$2~ + 0 or X2 A-ii2 &,, + Ail2 (bsn + X Q Ali2 (Pan + 0, 
i.e *, (I + X Q)A1/2~s TL -+ X2 A-ii2 42. Since the spectrum of operator Q consists entirely of real 
numbers (see [7, Theorem 4.1.5]), both for the case of ImX # 0 and X = w is a real number with 
w > -l/6, (I+XQ)-l exists and hence (I + XQ) A’f2 is a closed operator, which implies that 
42 E D (A’12). By letting eigenelement 4 = A-‘i2 42 and virtue of (ii), we lead to a contradiction 
that X E aP (A). The proof is complete. 
REMARK. The estimate w I -l/6 in (iv) cannot be improved by referring the case of Q = 61, 
where -l/6 is the unique continuous spectrum of corresponding operator A (see [3]). 
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Our main result is following: 
THEOREM 2. If Q is positive definite on 3-1, then ‘II’(t) is an anal@ic semigroup with exponential 
decay 
IlT(t)II 5 Memwot for some M > 1 and - wo = sup{ReX(X E c(d)} < 0. 
PROOF. Define P,+ = I + X2 A-l + X Q. Then PA is a linear bounded operator for any complex X. 
We first show that 0 E p(Px) for any Re X 2 0 and 
where 6 has same meaning as Theorem 1. In fact, for any 4 E ‘FI, 
i.e., W4l I II(W4 411. Th is implies R(Px/X), the range of BJ,/X is a closed subset set of 7-k If 
there is 40 E ‘7f such that 
in particular ((PA/X) $0, 40) = 0. But (@‘x/X) 40, 40) 16)1$~011~ so 40 = 0. Hence R(Px/X) = 3-1. 
That is 0 E p(Px) and lIPi’ll 5 (1/61x1). Next, it can be easily verified that 
For any Re X > 0, the set 
{ q51A-‘/2 Pi1 4, q5 E D (A’/“)} 
is dense in ‘F1 and hence A1i2 PA A1i2 is a densely defined closed operator with bounded inverse 
operator Am1j2 Pi1 A-‘j2. Meanwhile, 
Re(Xe2 Af/21F”A A1i2q5, 4) = ~~q5~~2 + Re$QA’j2 4, A1i24) + Re$ lIA1/2q51)2 
2 lIdI + Re 
= l14112+h [~~+f;;Avq llA’/2$l12 2 ~~~~~2 for ReX 2 f. 
Hence, 
II 
X2 A-Ii2 Pi’ A-Ii2 II 5 1 for Re X > f . (10) 
Combining (8)-(lo), we have 
(11) 
By [8, Theorem 13.21, ‘II’(t) is an analytic semigroup on 31 x ti. Furthermore, because of 0 (A) 
is contained in open left half complex plan, -w. = sup{Re X(X E u(d)} < 0 and hence, T(t) 
decays exponentially with growth index -wg. The proof is complete. 
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Now we examine a closed loop system of vibration of a single-link uniform flexible arm of length 
C = 1 with internal viscous damping of the Voight type and speed reference type of direct strain 
feedback control [4]: 
a2 Y(X, t) 
at2 
+ p a4 Y(X, 4 + a5 Y(XY t> + kx a3 YKA 4 = 0 
L3X4 at ax4 atax ’ p>o, k>O, o<x<e, 
y(0, t) = y’(0, t) = y"(l, t) = y”‘(C, t) = 0. (12) 
Let ‘H = L2(0, l). The operator A and Q are defined by 
AC+3 = 4”“(X), D(A) = (4 E 7-#(O) = (b’(O) = #ye) = 4”‘(l) = o}, 
Q = p f k&P, lBq+ = x$6”(0), vq5 E D(B). (13) 
It is proved in [4] that B A-’ is a semipositive definite operator and hence Q is positive definite. 
In this example, the corresponding operator A has no residual spectrum by (iii) of Theorem 1, 
since A E gP(d) iff x E gP(d). And -min&ex (Q$, 4) = --l/p is a continuous spectrum of A 
for any k 2 0. In fact, solving equation (-l/p - A)@ = Y, Cp = (41, c#J~)~, Y = (yi, O)T, i.e., 
- $1 - A1/2 tp2 = yl, 
42 + A1’2 (41 + Q AlI2 &2) = 0, 
we obtain C$ = A-1/2 ~$2 = k@‘(O)x + y1 E D(A1i2) which implies at least yr E H2(0, 1) by a 
result of [9] and hence, -l/p $! p(d). Since -l/p 4 gP(d), we have -l/p E a,(d). 
Now for X E a,(d), there is a C$ # 0 and 
x2 4(x) + (A + p) la”“(x) + kc Q”(O) = 0, 
qq0) = #l(O) = (b”(a) = c#l”(i?) = 0. 
Let $(x) = X4(x) + kx@‘(O), then $J # 0 and 
X2$(x) + (A + p) ti”“(X) = 0, 
T)(O) = T)“(t) = g+“(l) = 0, ?J’(O) = ; q’(0). 
Taking inner product with +(x) on both sides of the above equation, we obtain 
; lTm>12 + 11W12 + (A +;;,,4,,2 = 0. 
If Im X # 0, then a simple calculation shows that 
I I A+; <f. 
(14) 
(15) 
It is different from the case of k = 0 where all nonreal eigenvalues X of (14) satisfy (X+1 /pi = 1 /p 
and -we = -(p/2) Xi is the growth index of corresponding semigroup T(t). By (ii) of Theorem 1 
and (15), we know that when k > 0, the growth index of corresponding semigroup is strictly less 
than that of k = 0 for small damping (p/2)X1 < l/p, that is, the function of DSFB is positive. 
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